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Abstract.
We start a systematic analysis of links up to 5-move equivalence. Our motivation is to develop tools which
later can be used to study skein modules based on the skein relation being deformation of a 5-move (in an
analogous way as the Kauffman skein module is a deformation of a 2-move, i.e. a crossing change). Our
main tools are Jones and Kauffman polynomials and the fundamental group of the 2-fold branch cover
of S3 along a link. We use also the fact that a 5-move is a composition of two rational ±(2, 2)-moves
(i.e. ± 5
2
-moves) and rational moves can be analyzed using the group of Fox colorings and its non-abelian
version, the Burnside group of a link. One curious observation is that links related by one (2, 2)-move are
not 5-move equivalent. In particular, we partially classify (up to 5-moves) 3-braids, pretzel and Montesinos
links, and links up to 9 crossings.
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1 Introduction
A tangle move is a local modification of a link in which a tangle TA is replaced by a tangle
TB , Fig. 1.1.
...T... A ...T... B
Fig. 1.1; Tangle move
Our interest in tangle moves on links has been motivated by our analysis of skein mod-
ules of 3-dimensional manifolds. Skein relations for links might be viewed as deformations
of tangle moves. The simplest moves that reduce every link in S3 into a trivial link are
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a smoothing of a crossing and a crossing change. A deformation of a smoothing leads to
Kauffman bracket skein module and a deformation of a crossing change leads to, in the ori-
ented case, Jones and Homflypt skein modules, and in the unoriented case, Kauffman skein
module. In the last case the deformation is of the form L++L− = xL0+xL∞ ( Fig. 1.2).
+L -L L 0 L 8
Fig. 1.2
If a move is an unlinking move (i.e. every link can be reduced to a trivial link) then
some deformations of the move can lead to a skein module of S3 generated by trivial links.
This is the case for the Kauffman bracket, Homflypt and Kauffman skein modules (see
[H-P] or [Pr-2, Pr-7, Pr-8] for a survey of skein modules). A 3-move ( ) is
probably the simplest move after the crossing change. For over 20 years it was an open
problem (the Montesinos-Nakanishi conjecture) as to whether or not every link can be
reduced to a trivial link via 3-moves. We finally disproved it in 2002 [D-P-1]. A 4-move
( ) preserves the number of components of a link so it makes sense to
study 4-moves on knots separately. The Nakanishi conjecture, formulated in 1979, stated
that every knot can be unknotted via 4-moves. This conjecture remains still open. How-
ever, the related question (of Kawauchi) for links of three or more components1 has been
settled in [D-P-2]. It is easy to show that not every link is 5-move equivalent to a trivial
link. For example, the Jones polynomial can be used to demonstrate that the figure eight
knot (41 in [Rol]) is not 5-move equivalent to any trivial link [Pr-1]. We will develop meth-
ods of analyzing 5-moves using the Jones and Kauffman polynomials in Sections 3 and 4
(compare [Pr-1]). One can introduce a more delicate move, called (2, 2)-move ( )
such that a 5- move is a combination of a (2, 2)-move and its mirror image (−2,−2)-move
( ), as illustrated in Figure 1.3 [H-U, Pr-3].
1For links of two components the Kawauchi question has the form: can any 2-component link be reduced
by 4-moves to the trivial link of two components, T2, or the Hopf link, H? The problem is not solved yet.
3
isotopy
isotopy
(2,2)-move
(-2,-2)-move
Figure 1.3
The Harikae-Nakanishi-Uchida conjecture, formulated in 1992, states that every link
can be reduced to a trivial link via ±(2, 2)-moves. This conjecture was disproved in
[D-P-2]. One can try to find (2, 2)-move equivalence classes of links. The main objects of
this paper are links up to 5-moves, but because a 5-move is a combination of ±(2, 2)-moves
we devote the first two sections of the paper to the analysis of links up to ±(2, 2)-moves,
in particular, algebraic links, 3-braid links, and links up to 9 crossings.
The paper is organized as follows: we introduce gradually invariants of (2, 2)- and 5-
moves and we illustrate constructed invariants analyzing some family of links (e.g. rational
links or algebraic links). Finally we use all our invariants to (partially) classify 5-move
equivalences of 3-braids, Montesinos links, and links up to 9 crossings.
2 Invariants of (2, 2)-moves and their applications
We discuss in this section invariants of links which are preserved by (2, 2)- or 5-moves.
The simplest of such invariants is the space of Fox 5-colorings, Col5(L). We describe its
use in the next subsection.
2.1 Fox n-colorings and algebraic tangles
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The first invariant we apply to analyze rational moves is the group of Fox n-colorings.
We recall first the notion of a rational nm -move and n-rational-equivalence of links and
tangles.
Definition 2.1 (i) Rational nm-move is a tangle move in which the [0]-tangle is replaced
by [ nm ]-tangle (see Fig.2.1 for rational
5
2 - and −52-moves.)
(ii) We say that two links (or tangles) L and L′ are n-rationally-equivalent if L′ can
be obtained from L by a finite number of rational nsm -moves (m and s are any non-zero
integers).
5
2
move
5
2
move
(2,2) -move -( 2,2) -move
Figure 2.1
We noted in [Pr-6] that 5-rationally-equivalence is the same as 52 -move equivalence
which in turn is the same as (2, 2)-move equivalence in which we allow the finite number
of ±(2, 2)-moves (compare Figure 2.1).
Recall that the group of Fox n-colorings of a link L, Coln(L), satisfies Coln(L) =
H1(M
(2)
L ;Zn) ⊕ Zn, where M (2)L denotes the double branched cover over S3 along L (see
[Pr-3] for the combinatorial definition and detailed discussion).
Lemma 2.2 Coln(L) is preserved by a rational
ns
m -move for any non-zero m and s. In
particular, Coln(L) is preserved by n-moves.
For a trivial link of k components, Tk, we have Coln(Tk) = Z
k
n.
Coln(L) is a rather weak invariant of links but it can be used as the first step in
classifying links up to nsm -moves (n-rational-equivalence).
If n is a prime number then Coln(L) brings the same information as its order, which
we denote by coln(L).
We will give a few applications of Fox n-colorings. We use standard Conway notation
for rational tangles2 (compare Fig. 2.4) and for the numerator TN ( T ), and for the
2Our notation follows Conway’s [Con] and agrees with that of Kawauchi book [Kaw], but the mirror
5
denominator TD ( T ) of a tangle T , and for the product of two tangles TA ∗ TB (
TBTA ).
Lemma 2.3 The 2-tangles [∞], [0], [1], ..., [n−1] are pairwise not n-rationally-equivalent,
in particular the 2-tangles [∞], [0], [−1], [1], [−2], and [2] are pairwise not (2, 2)-move equiv-
alent.
Proof: One easily checks that coln([k]
N ) = n2 if and only if k is a multiple of n.
Therefore for any i, 0 ≤ i ≤ n − 1, or i = ∞ there exist exactly one j, (0 ≤ j ≤ n − 1,
or j = ∞), such that coln(([i] ∗ [j])N ) = n2: of course for i = ∞ one has j = ∞ and
for 0 ≤ i ≤ n − 1 one has j = n − i. From this follows that no pair of elements from
[∞], [0], [1], ..., [n−1] are n-rationally-equivalent because if [i] and [i′] would be n-rationally
equivalent then for any j, coln(([i]∗[j])N ) = coln(([i′]∗[j])N ) which contradicts the previous
conclusion3. 
We proved in [Pr-6] that any algebraic tangle4 is n-rationally-equivalent to one of n+1
tangles of Lemma 2.3. In the case of n = 5, reduction is a pleasure exercise, see [DIP]. In
Subsection 2.5, we demonstrate similar results for 5-moves and rational tangles. Let us
now put n = 5 and illustrate Lemma 2.2 by another example used later in classification
of Montesinos links up to 5-moves.
Example 2.4 Consider links L(TA, k) = (TA ∗ [2
5
] ∗ ... ∗ [2
5
]︸ ︷︷ ︸
k times
)N as illustrated in Figure 2.2.
Then for k ≥ 1 we have col5(L(TA, k)) = 5k−1col5(TDA ), and therefore these links represent
pairwise different (2, 2)-move equivalence classes. To see this notice that the rational 25
tangle can be changed by a (2, 2)-move to ∞ tangle ()(). Therefore L(TA, k) is (2,2)-move
equivalent to TDA ⊔ T1 ⊔ ... ⊔ T1︸ ︷︷ ︸
(k−1) times
(k ≥ 1), (Fig.2.2), for which we easily count the number
of 5-colorings.
image notation is often in use [K-L].
3One can formulate Lemma 2.3 in more sophisticated language: all tangles [∞], [0], [1], ..., [n − 1]
represent different Lagrangians in a symplectic space Z2n, see [DJP, Pr-6].
4Algebraic tangles were introduced by Conway in [Con]. They are obtained from 2-tangles of no more
than one crossing, by product and rotation operations. They have a natural generalization to n-tangles,
in which case they are called n-algebraic tangles [P-Ts].
6
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5 TA
Figure 2.2
Notice that col5(L) cannot distinguish L from the trivial link of log5(col5(L)) compo-
nents.
2.2 Burnside group of links
The group of Fox n-colorings can be generalized to its non-abelian version, the nth Burn-
side group of links, Bn(L). This group, which is also preserved by
ns
m -rational moves on
links, was introduced in [D-P-1] and used to disprove the Harikae-Nakanishi-Uchida con-
jecture, in particular to show that the knots 940 and 949 are not (2, 2)-move equivalent to
trivial links. Recall that the nth Burnside group of links, satisfies Bn(L) = pi1(M
(2)
L )/(w
n)
where the subgroup (wn) is normally generated by all elements wn, w ∈ pi1(M (2)L ).
2.3 (2, 2)-move equivalence classes of algebraic links, 3-braids, and links
up to 9 crossings
In this subsection, we summarize and slightly improve the result in [DIP, Pr-5, Pr-6] (we
observe that the knot 949 is related by one 5-move to the mirror image 9¯49).
Theorem 2.5 (i) The knots 940 and 949 are not (2, 2)-move equivalent to trivial links.
Thus the Harikae-Nakanishi-Uchida conjecture does not hold.
(ii) Every algebraic link (in the Conway sense) is (2, 2)-move equivalent to a trivial link.
(iii) Every link up to 9 crossings5 is (2, 2)-move equivalent to a trivial link or to one of
the knots 940, its mirror image 9¯40, or 949.
5We were informed by S.Jablan that he checked that every prime link up to 11 crossings and every
prime knot up to 12 crossings is (2, 2)-move equivalent to a trivial link or to one of the knots 940, or 949
(or their mirror images). Among prime alternating links of 12 crossings there are 3 undecided cases, the
links 123∗, 124∗, and 127∗ [J-S] (in Caudron list of basic polyhedra the names 12C, 12D, and 12G are used
and in the Jablan-Sazdanovic book, the corresponding links are illustrated in Fig.1.74).
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(iv) Every closed 3-braid is (2, 2)-move equivalent to a trivial link or to the closure of the
braids (σ1σ2)
6, (σ1σ2)
12 or (σ1σ2)
−12.
Proof: Part (i) has been proven in [D-P-2] using the fifth Burnside groups of links.
Part (ii) has been demonstrated in [DIP] (compare Lemma 2.10).
(iii) It has been demonstrated in [DIP] that any link up to 9 crossing is (2, 2)-move
equivalent to 940, 949 or their mirror images. The proof uses case by case analysis of
non-algebraic links which have at most 9 crossings. The list, which we will use later, is as
follows (up to mirror image): 818, 934, 939, 940, 941, 947, 949, 9
2
40,9
2
41,9
2
42,9
2
61. The Burnside
group argument shows that the links 940, 949, 9
2
40, 9
2
61 are not (2, 2)-move equivalent
to trivial links. We also noticed, [D-P-2, DIP, Pr-6], that 9240 and 9¯
2
61 are (2, 2)-move
equivalent to 949. Here we show additionally that 949 and 9¯49 are related by one 5-move,
in particular they are (2, 2)-move equivalent. The 5-move relation between 949 and 9¯49 is
illustrated in Figure 2.3.
Part (iv) has been proven in [DIP] except the fact that the closure of (σ1σ2)
6 and of
(σ1σ2)
−6 are (2, 2)-move equivalent. It is the case because, as noted in [DIP], the closure
of (σ1σ2)
6 is (2, 2)-move equivalent to the knot 949. 
5-move
Figure 2.3; 949 to 949
It remains the open problem whether 940, 9¯40, 949 are in different (2, 2)-move equiva-
lence classes; their fifth Burnside groups are the same.
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2.4 Kauffman polynomial and (2, 2)-moves
It was noted in [Pr-4, Pr-5] that for links L and L′ related by one (2, 2)-move, and
the Kauffman polynomial6 one has FL′(1, 2cos(2pi/5)) = −FL(1, 2cos(2pi/5)) and that
5(FL(1, 2cos(2pi/5)))
2 = col5(L). Invariants of (2, 2)-moves are also invariants of 5-moves.
Furthermore we can gain some more information from the fact that (2, 2)-move is changing
the sign of the Kauffman polynomial FL(1, 2cos(2pi/5)). From this it follows that if two
links L and L′ are (2, 2)-move equivalent then the number of moves needed to go from one
to another is even if and only if FL = FL′ . In particular, because 5-move is a composition
of two ±(2, 2)-moves, we have:
Lemma 2.6 (i) If two links differ by an odd number of ±(2, 2)-moves, then they are not
5-move equivalent.
(ii) FL(1, 2cos(2pi/5)) is an invariant of 5-moves.
As a corollary we are able now to prove a variant of Lemma 2.3 for 5-moves.
Corollary 2.7 The twelve 2-tangles [∞], [0], [−1], [1], [−2], [2], [ 25 ], [52 ], [32 ], [−32 ], [12 ] and [−12 ]
(Figure 2.4) are in different classes of 5-move equivalence.
Proof: By Lemma 2.3 the first 6 tangles in the list are in different classes of (2, 2)-move
equivalence. The other six 2-tangles differ from the first six by a single (2, 2)-move. 
Figure 2.4; Basic 12 tangles
Lemma 2.6 also allows us to improve slightly the statement of Example 2.4, in case of
5-moves:
Example 2.8 L(TA, k) is not 5-move equivalent to a trivial link if TA is (2,2)-move equiv-
alent to crossless 2-tangle by n ±(2, 2)-moves, and n + k is odd. It is the case because
6For a = 1 the Kauffman polynomial FL(a, x), was developed before, at the beginning of 1985 by
Brandt, Lickorish, Millett and Ho [BLM, Ho], and denoted by QL(x). It satisfies the skein relation
QL+ +QL− = x(QL0 +QL∞), compare Subsection 3.2.
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L(TA, k) can be reduced to a trivial link by an odd number of ±(2, 2)-moves. Notice that
the pretzel tangle PT[m[2],[s]] = [
1
2
] ∗ ... ∗ [1
2
]︸ ︷︷ ︸
m times
∗[s] (compare Figure 5.1) can be changed by m
(2, 2)-moves to [−2m+ s]-tangle.
We discuss the Kauffman polynomial and 5-moves in detail, in Section 3.2.
2.5 Classification of rational tangles and links up to 5-move equivalence
In this subsection we classify 5-move equivalence classes of rational tangles and links
(Lemma 2.10 and Theorem 2.9). From this we get in Section 5 a partial classification of
Montesinos links (including complete classification of pretzel links) Theorem 5.1.
Theorem 2.9 (i) A rational link is 5-move equivalent to the trivial knot (T1), the trivial
link of 2 components (T2), the Hopf link (H), or the figure eight knot (41).
(ii) Two rational links are 5-move equivalent if and only if they have the same value of
FL = FL(1, 2cos(
2π
5 )). The values for T1, T2, H, and 41 are: FT1 = 1, FT2 =
√
5,
FH = −1, F41 = −
√
5.
In Section 5 we will see that rational tangles are also classified by the absolute value
of the Jones polynomial, V (L) = |VL(epii5 )|; compare Table 7.1.
We discuss more of the use of Kauffman polynomial in analysis of 5-move equivalence
in Subsection 3.2.
We deduce Theorem 2.9 from the more general result about rational tangles.
Lemma 2.10 Every rational tangle can be reduced by 5-moves to one of twelve 2-tangles
in Figure 2.4 (they are: [10 ], [0], [−1], [1], [−2], [2], [25 ], [52 ], [32 ], [−32 ], [12 ], and [−12 ]
Furthermore these 12 tangles are representing different 5-move equivalence classes.
Before we prove Lemma 2.10 we give an easy to use rule to recognize quickly to which
of 12 tangles the given pq -tangle is 5-move reducible.
Proposition 2.11 Every rational tangle [pq ] is in one of twelve 5-move classes of Lemma
2.10 according to the following rules.
(10) q ≡ 0 mod 5 and p ≡ ±1 mod 5.
(25) q ≡ 0 mod 5 and p ≡ ±2mod5.
(01) q ≡ ±1 mod 5 and p ≡ 0 mod 5.
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(52) q ≡ ±2 mod 5 and p ≡ 0 mod 5.
(−11) q ≡ ±1 mod 5 and p ≡ −q mod 5.
(32) q ≡ ±2 mod 5 and p ≡ −q mod 5.
(11) q ≡ ±1 mod 5 and p ≡ q mod 5.
(−32) q ≡ ±2 mod 5 and p ≡ q mod 5.
(−21) q ≡ ±1 mod 5 and p ≡ −2q mod 5.
(12) q ≡ ±2 mod 5 and p ≡ −2q mod 5.
(21) q ≡ ±1 mod 5 and p ≡ 2q mod 5.
(−12) q ≡ ±2 mod 5 and p ≡ 2q mod 5.
We can say succinctly that two rational tangles [pq ] and [
p′
q′ ], are 5- move equivalent if and
only if
q ≡ q′ mod 5 and p ≡ p′ mod 5, or
q ≡ −q′ mod 5 and p ≡ −p′ mod 5.
Corollary 2.12 A rational link of type pq is
(i) 5-move equivalent to the trivial link of 2 components iff p ≡ 0 mod 5 and q ≡ ±1
mod 5.
(ii) 5-move equivalent to the figure eight knot iff p ≡ 0 mod 5 and q ≡ ±2 mod 5.
(iii) 5-move equivalent to the trivial knot iff p ≡ ±1 mod 5
(iv) 5-move equivalent to the Hopf link iff p ≡ ±2 mod 5.
Proof: It suffices to use Proposition 2.11 when analyzing all 12 tangles of Figure 2.4. The
rational pq link is the numerators of the tangle [
p
q ]. 
Proposition 2.11 follows from the proof of Lemma 2.10 and in particular from the fact
that in the reduction of any rational tangle to one of 12 tangles we stay in the family of
rational tangles and the terms of related continued fractions are preserved modulo 5.
As a preparation for the proof of Lemma 2.10 we show
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Proposition 2.13 The rational tangle [32 ] is 5-move equivalent to the tangle [
2
3 ], and
similarly [−32 ] is 5-move equivalent to the tangle [−23 ]. The rational tangle [52 ] is 5-move
equivalent to the tangle [−52 ], and similarly [25 ] is 5-move equivalent to the tangle [−25 ].
Furthermore, the rational tangle [53 ] is 5-move equivalent to the tangle [
5
2 ], and the tangle
[−53 ] is 5-move equivalent to the tangle [−52 ]. Similarly, the rational tangle [35 ] is 5-move
equivalent to the tangle [25 ], and the tangle [−35 ] is 5-move equivalent to the tangle [−25 ].
Proof: The transformation of [32 ] to [
2
3 ] is illustrated in Figure 2.5. Algebraically we
have [32 ] = [1 +
1
2 ]
5↔ [1 − 13 ] = [23 ]; we use
5↔ to denote a transformation by one ±5-
move. The transformation of [52 ] to [−52 ] is illustrated in Fig. 2.6; algebraically we have
[52 ] = [2 +
1
2 ]
5↔ [−3 + 12 ] = [−52 ]. Finally, the transformation of [53 ] to [52 ] is illustrated in
Figure 2.7; algebraically we have [53 ] = [2− 13 ]
5↔ [2 + 12 ] = [52 ]. Other cases of Proposition
2.13 can be obtained from the above by rotation and mirror images. 
isotopy5−move
Fig. 2.5
isotopy 5−move
Fig. 2.6
isotopy5−move
Fig. 2.7
Proof: We prove Lemma 2.10 by induction on the minimal number of crossing of a
rational tangle. To make our proof short we use the fact (version of the Tait conjecture)
that the minimal number of crossings is realized by an alternating diagram (in a continued
fractional expansion it is reflected by a fact that all entries are nonnegative or all are
nonpositive) and that non-alternating diagram of a rational tangle cannot realize the
minimal number of crossings.
For diagrams with no more than 4 crossings the result holds by Proposition 2.13 as any
12
reduced alternating diagram of a rational tangle is either listed in Lemma 2.10 or in
Proposition 2.13. We assume now that Lemma 2.10 holds for rational tangles of at most
n crossings (n ≥ 4) and let a rational tangle T has n+ 1 crossings. T is obtained from a
tangle T ′ by adding one crossing. By inductive assumption we can reduce T ′ by 5-moves
to one of 12 tangles from lemma 5.2. Then T is reduced to a tangle T ′′ of at most 5
crossings. If T ′′ has less than 5 crossings or is a non-alternating tangle we can use the
fact that lemma is proven already for tangles of up to 4 crossings. Otherwise, T ′ was
reduced to [52 ] or [
2
5 ] tangles and T
′′ is alternating. We can, however, change by a 5-move
the tangle [52 ] (resp. [
2
5 ]) to [−52 ] (resp. [−25 ]) resulting in non-alternating tangle with 5
crossings which is 5-move reducible to a tangle with no more than 4 crossings for which
Lemma 2.10 already holds. 
3 Invariants of 5-moves and their applications
Invariants of (2, 2)-moves are also invariants of 5-moves and we can employ them as the
first step in analyzing links up to 5-moves. In this section we use Jones, Kauffman bracket,
and Kauffman polynomials for more detailed analysis of links up to 5-moves.
3.1 Jones polynomial and Kauffman bracket of 5-moves
In this subsection we use the Jones polynomial and its Kauffman bracket version to analyze
5-moves. We work with unoriented diagrams so the Jones polynomial VL(t) is well defined
only up to an invertible elements of Z[t±1/2]. We can do slightly better and define V˜L(t) =
(t
3
2 )−lk(L)VL(t) which does not depend on orientation of L. We use this version of the
Jones polynomial in Section 5.2.
We start from the general formula about the k-move and the Kauffman bracket polyno-
mial and the Jones polynomial. We base our summary on [Pr-1]. Recall that the Kauffman
bracket polynomial of a link diagram, 〈L〉 ∈ Z[A±1], satisfies the Kauffman bracket skein
relation [Kau]:
〈L+〉 = A〈L0〉+A−1〈L∞〉.
Let Lk ( ... ) be obtained from L0 (
⌣
⌢) by a k-move
7 (k right-handed half-twists
added). We have:
7We draw the parts of the diagrams which are involved in the move. The convention for “k-move”
used here is well rooted in knot theory literature but we should remember that our k-move is a rational
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Proposition 3.1 (i) 〈Lk〉 = Ak〈L0〉+A−k A
2k−(−1)kA−2k
A2+A−2 〈L∞〉.
(ii) In particular, 〈L5〉 = A5〈L0〉+A−13(A20+1A4+1 )〈L∞〉, and 〈L5〉 ≡ A5〈L0〉 mod A
20+1
A4+1
.
If we work with framed unoriented links then a k-move changes the Kauffman bracket
by A5, modulo A
20+1
A4+1
. However, when working with unoriented unframed links then 〈L〉
modulo A
20+1
A4+1 is preserved only up to the power of ±Ai. We write IA = A
20+1
A4+1 and
f(A)
.
=
IA
g(A) if f(A) ≡ ±Aig(A) mod IA for some i.
The Jones polynomial VL(t) ∈ Z[t± 12 ] can be obtained from the Kauffman bracket
polynomial by putting t = A−4 in (−A3)−w(L)〈L〉, where L is equipped with any orienta-
tion and w(L) is the writhe or Tait number of an oriented diagram L (w(L) =
∑
psgn(p)
where the sum is taken over all crossings p of oriented diagram L. Similarly, V˜L(t) =
(−A3)−sw(L)〈L〉, for t = A−4 and the self-writhe number sw(L) of an unoriented diagram
L is sw(L) = w(L) − 2lk(L) =∑psgn(p) where the sum is taken over all self-crossings p
of unoriented diagram L.
Corollary 3.2 ([Pr-1]) (i) VL5(t) ≡ ±ti/2VL0 mod It, for some i, where It = ( t
5+1
t+1 ).
We write succinctly, VL5(t)
.
=
It
VL0
.
=
It
V˜L5(t).
(ii) For t = eπi/5, |VL(t)| = |V˜L(t)| is an invariant of 5-move equivalence classes of links.
We denote this invariant by V (L); compare Tables 4.1 and 7.1.
(iii) The space Z[t]/(t4 = t3−t2+t−1) is isomorphic to the space of polynomials of degree
at most 3. The Jones polynomial VL(t) is either in Z[t
±1] (if L has odd number of
components) or t1/2VL(t) is in Z[t
±1] (if L has even number of components). If one
reduces this polynomial modulo It and then takes the result up to ±ti one gets the set
of 5 polynomials (up to the sign). We denote this set by V (L, 5). Then if two links
are 5-move equivalent then they have the same (up to the sign) set of polynomials
VL(t, 5).
Example 3.3
(i) V (L) classifies rational links. We have V (T1) = 1, V (T2) = 2cos(pi/10) ≈ 1.90211,
V (H) = 2cos(pi/5) ≈ 1.61803, V (41) = 0. In particular, the pq -rational link is 5-move
equivalent to H iff p ≡ ±2 mod 5; compare Corollary 2.12.
(ii) For the pretzel link 631 and its mirror image 6¯
3
1 we have V (6
3
1) = V (6¯
3
1) ≈ 2.497 but
− k
1
-move in Conway’s notation. We also denote by L+ as in Fig. 1.2, but, following Conway, we call
this the [−1] tangle.
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V631(t, 5) = {2 + t
2, 2t + t3,−1 + t + t2 + t3,−1 + 2t3,−2 + t − 2t2 + 2t3} 6= V6¯31(t, 5) =
{1 + 2t2, t + 2t3,−2 + 2t − t2 + 2t3,−2 + t3,−1 − t − t2 + t3}. In particular, V (631) is
neither 5-move equivalent to its mirror image nor to any rational knot; compare Example
5.14 and Proposition 5.16.
3.2 Using Kauffman polynomial to analyze 5-moves
Recall that the 2-variable Kauffman polynomial of regular isotopy of link diagrams (or
equivalently of framed links with blackboard framing) ΛL(a, x) ∈ Z[a±, x±] is defined
recursively as follows [Kau]:
(i) (Initial condition) Λ©(a, x) = 1.
(ii) (First Reidemeister move, or framing condition) Λ (a, x) = aΛ (a, x).
(iii) (Kauffman skein relation) ΛL+(a, x) + ΛL−(a, x) = x(ΛL0(a, x) + ΛL∞(a, x)).
The Kauffman polynomial FL(a, x) of oriented links, is obtained by normalizing ΛL(a, x),
that is FL(a, x) = a
−w(L)ΛL(a, x), where w(L) =
∑
psgnp where the sum is taken over all
crossings p of oriented diagram L.
Let Lk be a diagram obtained from L = L0 by a k-move. In [Pr-1] we derived the
following formula.
Theorem 3.4 [Pr-1]
ΛLk(a, x) = v
(k)
1 (x)ΛL1(a, x) − v(k−1)1 (x)ΛL0(a, x) + xv(k)2 (a, x)ΛL∞(a, x),
where the polynomials v
(k)
1 (x) and v
(k−1)
1 (x) are (shifted) Chebyshev polynomials of the
first type8. By putting x = p + p−1 we obtain v
(k)
1 (x) =
pk−p−k
p−p−1 , v
(k−1)
1 (x) =
pk−1−p1−k
p−p−1 =
pv
(k)
1 (x)− pk, and v(k)2 (a, x) = (−a
−1(pk−p−k)+p(a−k−p−k)−p−1(a−k−pk))
(p−p−1)(a+a−1−(p+p−1)) .
Theorem 3.4 can be reformulated in the following, useful for our analysis, form.
Corollary 3.5 For x = p+ p−1 we have
ΛLk(a, x) =
pk − p−k
p− p−1 ΛL1(a, x)−
pk−1 − p1−k
p− p−1 ΛL0(a, x)+
xa−1
(∑k−2
i=0
(
pi+1 − p−i−1
p− p−1 )a
i−k+2
)
ΛL∞(a, x).
8Chebyshev polynomial of the first type Tk(x) satisfies: Tk(x) = Tk−1(x)−Tk−2(x), T0(x) = 1, T1(x) =
x and for x = p + p−1 we have Tk(x) = p
k+1−p−k−1
p−p−1 . Therefore v
(k)
1 (x) = Tk−1(x) and v
(k−1)
1 (x) =
Tk−2(x). Furthermore, v
(k)
2 (a, x) is a generating functions of Chebyshev polynomials, that is v
(k)
2 (a, x) =Pk−1
i=1 Ti−1(x)a
i−k (see Corollary 3.5).
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Furthermore, the coefficient of the last summand reduces, for a = p (so also x = a+ a−1),
to
xa−1(
∑k−2
i=0
ai+1 − a−i−1
a− a−1 a
i−k+2) = xak−3(
∑k−1
i=1
i(a−2)i−1) = xak−3
d( (a
−2)k−1
a−2−1 )
d(a−2)
.
Proof: Corollary 3.5 can be derived directly from Theorem 3.4 but it can be also quickly
proven by induction on k. The inductive step has the form:
ΛLk+1(a, p+p
−1) = (p+p−1)ΛLk(a, p+p
−1)−ΛLk−1(a, p+p−1)+a−k(p+p−1)ΛL∞(a, p+p−1)
= ((p+p−1)(
pk − p−k
p− p−1 )−(
pk−1 − p1−k
p− p−1 ))ΛL1−((p+p
−1)(
pk−1 − p1−k
p− p−1 )−(
pk−2 − p2−k
p− p−1 ))ΛL0+(
xa−1
(
(p+p−1)
∑k−2
i=0
(
pi+1 − p−i−1
p− p−1 )a
i−k+2)−
∑k−3
i=0
(
pi+1 − p−i−1
p− p−1 )a
i−k+3
)
+a−k(p+p−1)
)
ΛL∞
=
pk+1 − p−k−1
p− p−1 ΛL1 −
pk − p−k
p− p−1 ΛL0 + xa
−1(
∑k−1
i=0
(
pi+1 − p−i−1
p− p−1 )a
i−k+1)ΛL∞

Let the ideal I
v
(k)
1 ,v
(k)
2
= (v
(k)
1 (x), v
(k)
2 (a, x)) be the ideal in Z[a
±, x±] generated by
v
(k)
1 (x) and v
(k)
2 (a, x).
Corollary 3.6 (i) If two framed links L and L′ differ by a k-move then ΛL(a, x) ≡
akΛL′(a, x) mod Iv(k)1 ,v
(k)
2
; additionally a2k ≡ 1 mod I
v
(k)
1 ,v
(k)
2
.
(ii) pk ≡ ak mod I
v
(k)
1 ,v
(k)
2
and if a + a−1 − x is invertible in our ring (e.g. we consider
Z[a±1, x±1, (a + a−1 − x)−1]) then I
v
(k)
1 ,v
(k)
2
= (p2k − 1, pk − ak). In particular, for any
numbers a0, p0 ∈ C, a2k0 = 1, pk0 = ak0, a0 6= p0, p−10 , p0 6= 1,−1, i,−i, we have ΛL(a0, x0) =
(a0)
kΛL′(a0, x0).
(iii) If a0 = 1, p
k
0 = 1, p0 6= 1,−1, i,−i then ΛL(a0, x0) is a k-move equivalence invariant
of unoriented, unframed links.
(iv) In the case of x = a+a−1, the ideal I
v
(k)
1 ,v
(k)
2
⊂ Z[a±, x±] reduces to Ix=a+a−1 ⊂ Z[a±],
where Ix=a+a−1 = (v
(k)
1 (a), v
(k)
2 (a, a+a
−1) = ( (a
−2)k−1
a−2−1 ,
d(
(a−2)k−1
a−2−1 )
d(a−2) ) = (k, 1+2a
−2+3a−4+
... + (k − 1)a4−2k) = (k, 1 + 2a2 + 3a4 + ... + (k − 1)a2k−4). Furthermore, for k a prime
number, Ix=a+a−1 = (k, (a
2 − 1)k−2).
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Proof: Corollary 3.6(i)-(iii) is proven in [Pr-1]; here let us only notice that (a + a−1 −
x)v
(k)
2 (a, x) = (p − a−1)v(k)1 (x) + a−k − pk which allows short proof of (ii) and (iii)
from (i). Furthermore, notice that FL(a, x) = FL(−a,−x) and, equivalently, ΛL(a, x) =
(−1)w(L)ΛL(−a,−x). This, for odd k allows us to consider only substitution ak0 = 1 = pk0
in Corollary 3.6(ii). To prove (iv), we use the second part of Corollary 3.5, where it was
noted that v
(2)
2 (a, a+ a
−1) = ak−3(
∑k−1
i=1 i(a
−2)i−1) = ak−3
d( (a
−2)k−1
a−2−1 )
d(a−2) = a
1−k(k− 1 + (k−
2)a2 + ...+ 2a2k−6 + a2k−4). Furthermore, we have
k(a−2)k−1 =
d(a−2)k − 1)
d(a−2)
=
d( (a
−2)k−1
a−2−1 )(a
−2 − 1)
d(a−2)
=
(a−2)k − 1
a−2 − 1 + (a
−2 − 1)d(
(a−2)k−1
a−2−1 )
d(a−2)
.
Furthermore, for k being a prime number (a
−2)k−1
a−2−1 ≡ (a−2 − 1)k−1 mod k and, therefore,
d(
(a−2)k−1
a−2−1 )
da−2 = (k − 1)(a−2 − 1)k−2 ≡ −(a−2 − 1)k−2 mod k.

To analyze 5-move equivalence of links we are interested in the case of k = 5. Then
we have:
Corollary 3.7
(i) ΛL5(a, x) ≡ p5ΛL0 + xv(5)2 (a, x)ΛL∞ mod (v(5)1 (x)),
ΛL5(a, x) ≡ p5ΛL0 mod (v(5)1 (x), v(5)2 (a, x)).
(ii) If a0, p0 ∈ C and a100 = 1, p50 = a50, a0 6= p0, p−10 , p0 6= 1,−1, i,−i, then ΛL(a0, x0) is
a 5-move equivalence invariant of unoriented, unframed links.
(iii) FL(1, x) modulo the ideal (x
2 − x+ 1) (or equivalently p5−1p−1 ) is a 5-move equivalence
invariant of unoriented, unframed links. In particular, if p0 = e
2πi/5 (that is, x0 =
2cos(2pi/5)) it is the invariant used in Lemma 2.6(ii).
(iv) ΛL5(a, a+ a
−1) ≡ a5ΛL0(a, a+ a−1) mod (5, (a2 − 1)3).
We are mostly interested, in this paper, in unoriented, unframed links, so we modify
Corollary 3.7 accordingly, taking onto account the fact that ΛL(1)(a, x) = aΛL(a, x), where
L(1) is a framed link obtained from a framed link L by a positive twist on the framing of
L(1). Let I(a,x) be an ideal in Z[a
±1, x±1] generated by v
(5)
1 (x) and v
(5)
2 (a, x). We write
p(a, x)
.
=
Ia,x q(a, x) if p(a, x) ≡ aiq(x) mod I(a,x) for some i. Then we have.
Corollary 3.8
(i) If two links, L1 and L2 are 5-move equivalent then ΛL1(a, x)
.
=
Ia,x ΛL2(a, x) (equivalently,
FL1(a, x)
.
=
Ia,x FL2(a, x) as the equality does not depend on orientation of L). In particular:
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(ii) If a0, p0 ∈ C and a100 = 1, p50 = a50,a0 6= p0, p−10 , p0 6= 1,−1, i,−i, then the set
{ai0FL(a0, x0)} is an invariant of 5-move equivalence of unframed links. We denote this
invariant by Set(FL(a0, x0)). The absolute value of FL(a0, x0) is also a 5-move invariant.
(iii) FL1(a, a+ a
−1)
.
=
I
a,a+a−1 FL2(a, a+ a
−1).
Let us remark here that if Set(FL(a0, x0)) contains the real value, as in the case of an
amphicheiral link, then this value is a 5-move invariant for a50 = 1 and it is an invariant
up to a sign if a50 = −1.
Example 3.9 The pretzel link P[2,2,2] is not 5-move equivalent to its mirror image. We
prove it by computing aiFP[2,2,2](a, x) for a = e
4πi/5 and x = 2cos(2pi/5), and checking that
it is never a real number.
Consider links L1 = 41#L
′
1 and L2 = 41#L
′
2, then we have VLi(t) = V41(t)VL′i(t) ≡ 0
mod It. We can, however, use the Kauffman polynomial criteria to differentiate, in some
cases, L1 from L2.
Example 3.10
The links 41#41 and 41#T2 are not 5-move equivalent. We have F41#41(1, 2cos(2pi/5)) = 5
but F41#T2(1, 2cos(2pi/5)) = −5.
Remark 3.11 It is an open problem whether the links L1 = 41#41#41 and L2 = 41#T2#T2
are 5-move equivalent. We have:
(i) L1 and L2 are (2, 2)-move equivalent by two (2, 2)-moves and FL1(1, 2cos(2pi/5)) =
−5√5 = FL2(1, 2cos(2pi/5)).
(ii) The criterion of Corollary 3.8(ii) would not separate L1 and L2 because if we assume
a0 6= ±1 then F41(a0, x0) = 0. The last equality follows from the following computation:
F41(a, x) = −a−2 − 1 − a2 + x(−a−1 − a) + x2(a−2 + 2 + a2) + x3(a−1 + a)
y=a+a−1
=
1 − y2 + xy(x2 + xy − 1) = 1 + y(x + y)(x2 − 1). Then (x − y)F41(a, x) = (x2 + x −
1)
(
y(x2 − x + 1) − y3) + (y2 + y − 1)(xy − x) ≡ 0 mod (x2 + x − 1, y2 + y − 1). For
x = p + p−1, y = a + a−1 we have x2 + x − 1 = p−2(p5−1p−1 ) and y2 + y − 1 = a−2(a
5−1
a−1 ).
Furthermore, F41(a, x) = F41(−a,−x) and if a50 = p50 = 1 then (−a50) = (−p50) = −1, thus
for any substitutions from Corollary 3.8(ii), F41(a0, x0) = 0 as long as a0 6= ±1.
(iii) The criterion of Corollary 3.8(iii) would not separate L1 and L2 because FT2(a, a +
a−1) = 0 = FL2(a, a+a
−1) and, less obviously, FL1(a, a+a
−1) ≡ 0 mod (5, (a2−1)3). To
see the last congruence, we notice that F41(a, a+ a
−1) = 1− 2(a+ a−1)2 + 2(a+ a−1)4 =
a−4(2 + 6a2 + 9a4 + 6a6 + 2a8) ≡ 2a−4(a4 + 1)(a2 − 1)2 mod 5.
We checked generally using the Gro¨bner basis method that FL1(a, x) − FL2(a, x) is in the
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ideal Ia,x thus the method of Corollary 3.8(i) would not distinguish 5-move equivalence
classes of these links.
4 Classification of 3-braid links up to 5-move equivalence
The invariants of 5 moves introduced in previous sections allows us to classify 3-braid links
up to 5-moves almost completely. There are at least 23 classes of 5-move equivalence and
no more than 25. We use the names of links from Rolfsen book [Rol] for knots up to 10
crossings and links up to 9 crossings. For links of 10 or 11 crossings we use Knot-Plot
tables [Bar] and for links of 12 or 13 crossings we use names from Thisthtlethwaite tables
(for example 12n1958 denotes a non-alternating link of 12 crossings which is 1958th in
[Thi]).
Theorem 4.1
(i) Every link represented by a closed 3-braid is 5-move equivalent to one of the following
25 links: T1, T2, T3,H,H ∪ T1,H#H, 41, 631, 6¯31, 632, 633, 6¯33, 725,
818, 8
3
10, 8¯
3
10, 8
3
9, 9
2
40, 9¯
2
40, 9
2
41, 9¯
2
41, L10a163, L¯10a163, and 11a177 and 1¯1a177 (repre-
sented by 3-braids σ21σ
−2
2 σ1σ
−1
2 σ1σ
−1
2 σ1σ
−2
2 and σ
−2
1 σ
2
2σ
−1
1 σ2σ
−1
1 σ2σ
−1
1 σ
2
2).
(ii) These links represent different 5-move equivalence classes with the possible exception
of two pairs 8310, 8¯
3
10, and 9
2
40, 9¯
2
40.
Proof: We use the Coxeter result that B3/(σi)
5 is a finite group (replacing σ5i by σ
0
i
can be achieved by a 5-move) [Cox]. The quotient group has 45 conjugacy classes. We
list them all in Table 4.1. For each class (generated by GAP) we choose a representative
which is as short as we are able to find (we did not prove that they are the shortest).
We provide also the value of invariants of 5-move equivalence F = FL(1, 2cos2pi/5), V (L),
VL(t, 5) for closures of these braids.
A look at the table shows that each conjugacy class of B3/(σ
5
i ) is 5-move equivalent to
one of 25 links of the theorem. Furthermore, each pair of links with possible exception of
(33) (representing 8¯310) and (35) (representing 8
3
10), and (36) (representing 9
2
40) and (40)
(representing 9¯240) are separated by listed invariants. 
It is an open problem whether 8310 and 8¯
3
10 are 5-move equivalent. Similarly 5-move
equivalence of 9240 and 9¯
2
40 is not yet decided.
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In the sixth column of the table, we identify the link being the closure of a representa-
tive and its 5-move reduction, if any. For example, (29) has a representative σ−22 σ1σ2
−2σ21
which represents the link 7¯25. This link is 5-move equivalent to its mirror image 7
2
5, rep-
resenting (28). This link, in turn, can be changed by one (−5)-move to the pretzel link
P[2,2,2,1] (i.e. 7
3
1), see example 5.14(ii)). One more (−5)-move changes this link to its mir-
ror image P[2,2,2,−4] ambient isotopic to P[−2,−2,−2,−1]. Similarly (21) has a representative
σ−22 σ
2
1σ
−1
2 σ1 describing the rational knot 63 which is 5-move equivalent to the Hopf link
H.
In the last column we list some interesting representatives of conjugacy classes in
B3/(σ
5
i ) different from that listed in the second column. We pay special attention to
powers of (σ1σ2). In our notation L1
5∼ L2 means 5-move equivalence of links and L1 5≈ L2
means the same conjugacy class in B3/(σ
5
i ) and is used only for closed 3-braids.
We end this section with one more question: all closed braids in Table 4.1 have a
representative with 10 or less crossings except the pair (43) and (44) with 11 crossings. Is
it possible to reduce these closed braids to links with 10 crossings? We know that they are
not 5-move equivalent to any link of 9 or less crossings as the only links which share with
them V (L) are 3-component links 9321 and its mirror image 9¯
3
21 which are algebraic links.
We know that (43) and (44) are separated from algebraic links (even up to (2, 2)-move
equivalence) by 5th Burnside group (see Subsections 2.2 and 2.3).
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TABLE 4.1: LIST OF 45 CONJUGACY CLASSES OF B3/(σ
5
1)
GAP CC# braids(shortest) F V (L) VL(t, 5) rep. Link in B3/(a
5) interesting rep.
(1) Id 5 3.61803 {1 + 2t + t2, ...} T3
(2) σ2
√
5 1.90211 {1 + t2, ...} T2
(3) σ−12
√
5 1.90211 {1 + t, ...} T2
(4) σ22 −
√
5 3.07768 {1 + t + t2+t3, ...} H ⊔ T 1
(5) σ−22 −
√
5 3.07768 {1 + t + t2+t3, ...} H ⊔ T 1
(6) σ2σ1 1 1 {1, ...} T1 (σ1σ2)11
(7) σ−12 σ1 1 1 {1, ...} T1
(8) σ22σ1 −1 1.61803 {1 + t2, ...} H
(9) σ
−2
2 σ1 −1 1.61803 {1 + t2, ...} H (σ1σ2)−8
(10) σ−12 σ
−1
1 1 1 {1, ...} T1 (σ1σ2)−11
(11) σ22σ
−1
1 −1 1.61803 {1 + t2, ...} H (σ1σ2)8
(12) σ−22 σ
−1
1 −1 1.61803 {1 + t2, ...} H
(13) σ22σ
2
1 −1 2.61803 {1 + t + t2, ...} H#H
(14) σ−22 σ
2
1 1 2.61803 {1 + t + t2, ...} H#H (σ1σ2)5
(15) σ−22 σ
−2
1 1 2.61803 {1 + t + t2, ...} H#H
(16) = (20) σ22σ1σ
−1
2 σ1 1 1 {1, ...} 4
2
1
5∼ T 1
(17) (σ1σ
−1
2 )
2 −√5 0 {0, ...} 41
(18) = (19) σ1σ
−2
2 σ1σ
−1
2 −1 1.61803 {1 + t2, ...} 521
5∼ H
(19) = (18) σ−11 σ
2
2σ
−1
1 σ2 −1 1.61803 {1 + t2, ...} 521
5∼ H
(20) = (16) σ−22 σ
−1
1 σ2σ
−1
1 1 1 {1, ...} 421
5∼ T1
(21) σ−22 σ
2
1σ
−1
2 σ1 1 1.61803 {1 + t2, ...} 63
5∼ H
633 e.g.
(22) = (27) σ21σ2σ
2
1σ2 1 2.14896 {1 + t− t3, ...} (3, 3)-torus link (σ1σ2)3
or P[2,2,−2]
633 e.g.
(23) = (26) σ1σ
−2
2 σ1σ
2
2 1 2.14896 {1 + t + t3, ...} (3,-3)-torus link
or P[2,−2,−2]
σ1σ
2
2σ
2
1σ
−2
2 = 7
2
8
631 rep. P [−2,−2,−2] (σ1σ2)4
(24) = (25) (σ1σ
−2
2 )
2 −1 2.49721 {2 + t2, ...} 631
5≈ 728
5≈ 819 = σ2σ1σ22σ21σ2σ1 = 819
21
GAP CC# braids(shortest) F V (L) VL(t, 5) rep. Link in B3/(a
5) interesting rep.
σ−11 σ
−2
2 σ
−2
1 σ
2
2 = 7
2
8
631 rep. P [2, 2, 2] (σ1σ2)
−4
(25) = (24) (σ−11 σ
2
2)
2 −1 2.49721 {1 + 2t2, ...} 631
5≈ 728
5≈ 819 = σ−12 σ
−1
1 σ
−2
2 σ
−2
1 σ
−1
2 σ
−1
1
= 819
633 e.g.
(26) = (23) σ−11 σ
2
2σ
−1
1 σ
−2
2 1 2.14896 {1 + t− t3, ...} (3, 3)-torus link
or P[2,2,−2]
633
(27) = (22) σ−21 σ
−1
2 σ
−2
1 σ
−1
2 1 2.14896 {1 + t+ t3, ...} (3,−3)-torus link (σ1σ2)−3
or P[2,−2,−2]
(28) = (29) σ22σ
−1
1 σ
2
2σ
−2
1 −
√
5 1.90211 {1 + t, ...} 725
5∼ 725
5∼ 731
731 = P[−2,−2,−2,−1]
(29) = (28) σ−22 σ1σ
−2
2 σ
2
1 −
√
5 1.90211 {1 + t, ...} 725
5∼ 725
5∼ 731
731 = P[2,2,2,1]
(30) (σ1σ
−1
2 )
3 1 3.23607 {2 + 2t2, ...} 632 (Borromean rings)
(31) = (32) (σ1σ
−1
2 )
3σ−12 1 2.14896 {1 + t− t3, ...} 633 (σ1σ2)7
(32) = (31) (σ−11 σ2)
3σ2 1 2.14896 {1 + t+ t3, ...} 633 (σ1σ2)−7
(33) = (35) (σ22σ
2
1)
2 √5 1.17557 {1 − t2, ...} 8310
5≈ 816 5∼ 9257 (σ1σ
−2
2 )
2σ1σ
−1
2 = 816
(34) (σ−21 σ
2
2)
2 −1 0.61803 {1 − t, ...} 834 (σ1σ2)10, (σ1σ2)−10
(35) = (33) (σ−22 σ
−2
1 )
2 √5 1.17557 {1 − t2, ...} 8310
5≈ 816 5∼ 9257 (σ−11 σ22)2σ
−1
1 σ2 = 816
9240
5≈ 9261 σ2σ
−1
1 σ2σ
2
1σ
2
2σ
2
1 = 9
2
61
(36) = (40) (σ1σ
−2
2 )
3 5 1.17557 {1 − t2, ...} (2,2)∼ 949 (σ1σ2)6
(37) = (38) σ1(σ1σ
−1
2 )
4 1 1.54335 {1 + t− t2, ...} 9242
5≈ 9241 σ−11 σ2σ
−1
1 σ
2
2σ
−2
1 σ
2
2 = 9
2
41
(38) = (37) σ−11 (σ
−1
1 σ2)
4 1 1.54335 {1 − t− t2, ...} 9242
5≈ 9241 σ1σ
−1
2 σ1σ
−2
2 σ
2
1σ
−2
2 = 9
2
41
(39) (σ1σ
−1
2 )
4 √5 2.23607 {1 + t− t2 − t3, ...} 818
9240
5≈ 9261 σ−12 σ1σ
−1
2 σ
−2
1 σ
−2
2 σ
−2
1
(40) = (36) (σ−11 σ
2
2)
3 5 1.17557 {1 − t2, ...} (2,2)∼ 949 = 9261
(σ1σ2)
−6
σ−21 σ2σ
−2
1 σ
2
2σ
2
1σ
2
2
= L11n170
(41) = (42) σ1σ
−1
2 σ1σ
−2
2 σ1σ
−1
2 σ1σ
−2
2 1 3.44298 {1 − t− 2t2 − t3, ...} L10a163 (σ1σ2)9
σ21σ
−1
2 σ
2
1σ
−2
2 σ
−2
1 σ
−2
2
= L11n170
(42) = (41) σ−11 σ2σ
−1
1 σ
2
2σ
−1
1 σ2σ
−1
1 σ
2
2 1 3.44298 {1 + 2t + t2 − t3, ...} L10a163 (σ1σ2)−9
22
GAP CC# braids(shortest) F V (L) VL(t, 5) rep. Link in B3/(a
5) interesting rep.
σ−21 σ
2
2σ
−2
1 σ
−2
2 σ
2
1σ
−2
2
11a177 = 12n1958
(43) = (44) σ1
−2σ2
2σ−11 σ2σ
−1
1 σ2σ
−1
1 σ
2
2 5 2.93565 {1 − 2t2 − t3, ...}
(2,2)∼ 940 (σ1σ2)−12
σ21σ
−2
2 σ
2
1σ
2
2σ
−2
1 σ
2
2
11a177 = 12n1958
(44) = (43) σ1
2σ2
−2σ1σ2
−1σ1σ2
−1σ1σ
−2
2 5 2.93565 {1 + 2t− t3, ...}
(2,2)∼ 940 (σ1σ2)12
(45) (σ1σ
−1
2 )
5 1 0.381966 {1 − 2t + t2, ...} 10123 (σ22σ−21 )3 = (σ1σ2)15
5 5-move equivalence of pretzel and Montesinos links
In this section, we deal with classification of pretzel and Montesinos links up to 5-move
equivalence. The classification is complete for pretzel links and for Montesinos links it is
complete up to an elementary question (Problem 5.3), having mutation in background9.
After establishing notation, we formulate the main result of the section. The proof of
Theorem 5.1 is divided into three parts. First, we identify pretzel and Montesinos link
representatives in 5-move equivalence classes. In Subsection 5.2 we classify pretzel rep-
resentatives. In Subsection 5.1 we deal with Montesinos representatives which are not
pretzel links.
Our notation for pretzel and Montesinos links is fairly standard. It is convenient for
us to draw Montesinos links horizontally, so they look like pretzel links with columns dec-
orated by rational tangles. In a pretzel link a column [n] contains n right-handed vertical
half twists (Figures 5.1), in a Montesinos link M[ p1
q1
,...,
pk
qk
] the ith column is decorated by
[piqi ] rational tangle (Figure 5.2). With this notation we have P[n1,...,nk] = M[ 1n1 ,...,
1
nk
]. If
one column, say [piqi ] is repeated m times in a row, we write succinctly M[...,m[
pi
qi
],...].
nkn21n
...
Fig. 5.1; P[n1,...,nk] and P[2,2,2,2]
9We do not deal in this paper with surgery interpretation of our result, it is worth however to mention
that our work can be related to classifying Seifert fibered manifolds with basis S2 modulo ± 1
5
-surgeries
[D-P-2, D-P-3].
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k
k
p
q22
...1
1
p
q
p
q
Fig. 5.2; M[ p1
q1
,...,
pk
qk
] and M[ 2
5
, 1
2
, 1
2
]
Theorem 5.1
(1) Every Montesinos link M[ p1
q1
,...,
pk
qk
] is 5-move equivalent to a link from (i), (ii) or (iii)
listed below:
(i) Pretzel link M[m[ 1
2
],[s]], for m ≥ 3, −2 ≤ s ≤ 2.
(ii) Montesinos link with all piqi =
2
5 or
1
2 , that is up to permutation of columns M[k[ 25 ],m[
1
2
]],
k ≥ 1, k +m ≥ 3.
(iii) Connected sum of any number of T2’s, H’s or 41’s (including T1).
(2) Links of M[k[ 2
5
],m1[
1
2
]], k ≥ 1, k +m1 ≥ 3 and M[m2[ 12 ],[s]], for m2 ≥ 3, −2 ≤ s ≤ 2 are
pairwise non 5-move equivalent and they are not 5-move equivalent to links listed in (iii)
(compare Problem 5.3).
Proof: We prove here part (1) of the theorem. Part (2) will be dealt with in Subsections
5.2 and 5.3. Recall that every rational tangle is 5-move equivalent to one of the twelve
tangles of Lemma 2.10. This is the starting point to 5-move classification of Montesinos
links. If every column [piqi ] of a Montesinos linkM is 5-move equivalent to a tangle different
from [25 ] and [
1
0 ] then M is 5-move equivalent to a pretzel link with columns [±12 ] or [±1].
Furthermore, a column [−12 ] is isotopic to [12 ]∗ [−1] and [±1]’s can be collected together, to
obtain M[m[ 1
2
],[s]]. Finally s can be reduced modulo 5 by 5-moves. Notice that for m ≤ 3
we obtain rational links, as desribed in Example 5.14 (i) and (ii). We devote Subsection
5.2 to 5-move classification of pretzel links M[m[ 1
2
],[s]].
Assume now that at least one column, [piqi ] of M reduces to [
2
5 ] tangle but none to [
1
0 ]
(compare Proposition 2.11). As we checked already when classifying rational tangles up
to 5-moves, [25 ]
5∼ [25 ± 1] and [25 ] ∗ [−12 ] = [25 ] ∗ [12 ] ∗ [−1]
5∼ [25 ] ∗ [12 ], therefore M reduces to
a Montesinos link with all piqi =
2
5 or
1
2 which in fact, after permutation of columns gives
M[k[ 2
5
],m[ 1
2
]], k ≥ 1. Notice that M[ 2
5
] = H, M[ 2
5
, 1
2
] = [
9
4 ]
N 5∼ T1, M[2[ 2
5
]] = [
20
9 ]
N 5∼ T2. We
devote Subsection 5.1 to 5-move classification of Montesinos links M[k[ 2
5
],m[ 1
2
]].
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Finally, if there is a column, say [piqi ], which reduces to [
1
0 ] tangle thenM[ p1q1 ,...,
pi
qi
,...,
pk
qk
] =
[p1q1 ]
D# · · ·#[pi−1qi−1 ]D#[
pi+1
qi+1
]D# · · ·#[pkqk ]D and any link [
p
q ]
D is 5-move equivalent to T1, T2,
H, or 41. The proof of Theorem 5.1(1) is completed. 
Remark 5.2 The transposition of neighboring columns in a Montesinos link is a mutation
and cannot be detected by invariants we introduced. The smallest examples of Montesinos
links for which we do not know whether they are 5-move equivalent are 12 crossing, 2-
component links M[2[ 2
5
],2[ 1
2
]] and M[ 2
5
, 1
2
, 2
5
, 1
2
], see Figure 5.3.
Fig. 5.3; M[2[ 2
5
],2[ 1
2
]] and M[ 2
5
, 1
2
, 2
5
, 1
2
]
More generally we have the following unresolved cases concerning classification of pret-
zel and Montesinos links up to 5-move equivalence.
Problem 5.3 Consider two Montesinos links L1 and L2 both of them with k ≥ 2 columns
[25 ] and m ≥ 2 columns [12 ] (in any order). Are L1 and L2 5-move equivalent?
The next problem, which we partially solve in Lemma 5.5, is related to the possibility
that a column of a Montesinos link is 5-move equivalent to [10 ] and some other columns to
[25 ] .
Problem 5.4
Let two links L1 and L2 be connected sums of ki (ki ≥ 1) copies of 41, mi copies of H,
and ni copies of T2 (taken in any manner). Are L1 and L2 5-move equivalent?
Notice that Li is (2, 2)-move equivalent to Tki+ni+1 by ki +mi (2, 2)-moves thus we can
limit the problem to the case when k1 + n1 + 1 = k2 + n2 + 1 and k1 + m1 ≡ k2 + m2
mod 2, compare Remark 3.8, and the last paragraph of Section 3.
Lemma 5.5 (i) Let two links L1 and L2 be connected sums of m copies of H and n copies
of T2 (taken in any manner). Then L1 and L2 are 5-move equivalent.
(ii) Let two links L1 and L2 be connected sums of k copies of 41, m copies of H, and n
copies of T2 (taken in any manner). Then L1 and L2 are 5-move equivalent.
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Proof: The main idea is that a 5-move allows us to change the disjoint sum into connected
sum. We illustrate Lemma 5.5 by an example: the link H#H ⊔T1 is 5-move equivalent to
the disjoin sum H ⊔H. Namely, by one 5-move we can change H#H ⊔ T1 to H#H#51.
Similarly, H ⊔ H can be changed by one 5-move to H#51#H. Since we can choose
the connected sum formation in such a way that H#H#51 and H#51#H are ambient
isotopic (see Figure 5.4), hence Lemma 5.5 follows in this case. In the case of two different
formations of a connected sum H#H#H, the 5-move equivalence is illustrated in Figure
5.5. The general proof follows the same idea. Similarly one proves part (ii) of the lemma.

5-move
(-5)-move
isotopy
Fig. 5.4; H#H ⊔ T1 and H ⊔H are related by two (±5)-moves
5-move
(-5)-move
isotopy
Fig. 5.5; Two different realizations of H#H#H are related by two (±5)-moves
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5.1 Kauffman bracket 5-move invariant for Montesinos links
In this subsection we compute the Jones (and Kauffman bracket) polynomial of Montesinos
linksM[k[ 2
5
],m[ 1
2
]], k ≥ 1. We show that V (M) = |VM (eπi/5)| is sufficient to separate 5-move
equivalence classes of these links. Our computation is helped by the fact that V41(t) =
t−2 t
5+1
t+1 so V ([
2
5 ]
D) = V (41) = 0, and the fact we already used that [
2
5 + 1]
5∼ [25 ]
5∼ [−25 ].
Example 5.6 The (prime) Montesinos links, which are not pretzel (or rational) links,
with no more than 8 crossings and up to the mirror image are 829 = M[ 2
5
, 1
2
, 1
2
], 8
2
10 =
M[ 3
5
, 1
2
, 1
2
], 8
2
15 = M[ 2
5
, 1
2
,− 1
2
] and 8
2
16 = M[ 3
5
, 1
2
,− 1
2
] (Fig.5.6). All these links are 5-move
equivalent by identities [35 ]
5∼ [25 ], [25 ] ∗ [−12 ] = [25 ] ∗ [−1] ∗ [12 ]
5∼ [25 ] ∗ [12 ]. Observe that
V829(t) ≡ t−1/2±2(1− t) mod
t5+1
t+1 (compare Theorem 5.7).
8 9
2 8 10
2
8 15
2 8 16
2
Fig. 5.6; 5-move equivalent Montesinos links
To formulate succinctly the main result of this subsection recall that It denotes the
ideal in Z[t∓
1
2 ] generated by t
5+1
t+1 . Let
.
= denote equivalence up to ±ti/2 for some i.
Similarly, let IA be the ideal in Z[A
∓1] generated by A
20+1
A4+1
.
Then for the Jones polynomial modulo It we obtain the following theorem which is the
main tool to classify Montesinos links M[k[ 2
5
],m[ 1
2
]] for k ≥ 1, up to 5-move equivalence.
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Theorem 5.7 (i) VM
[k[ 25 ],m[
1
2 ]]
(t)
.
=
It
(1 + t2)(1 − t2)k−1(1− t)m for m ≥ 0, k ≥ 1.
(ii)If additionally, k +m ≥ 2 we can write succinctly:
VM
[k[ 25 ],m[
1
2 ]]
(t)
.
=
It
(1 + t)k−1(1− t)k+m−2.
Proof: The main observation leading to the proof is that V41(t) ≡ 0 mod It. As before,
let TA ∗ TB = ( TBTA ), and TNA = TA , and TDA = TA . We have
the following formulas for the Kauffman bracket (Lickorish-Millett generalization of the
Conway’s formula).
Lemma 5.8 (a) 〈(TA ∗ TB)D〉 = 〈TDA 〉〈TDB 〉.
(b) 〈(TA ∗ TB)N 〉 = 1d2−1(d〈TNA 〉〈TNB 〉+ d〈TDA 〉〈TDB 〉 − 〈TNA 〉〈TDB 〉 − 〈TDA 〉〈TNB 〉),
where d denotes the value of bracket for T2, that is d = −A2 −A−2.
We use variations of the Conway-Lickorish-Millett formula and we develop them in the
language of the Kauffman bracket skein modules [Pr-2, H-P].
The tangles TA and TB can be written in a basis of a 2-tangle, eh =≍ and ev =)( as
TA = a1eh + a2ev. Then 〈TNA 〉 = da1 + a2, and 〈TDA 〉 = a1 + da2. Similarly TB =
b1eh + b2ev, 〈TNB 〉 = db1 + b2, and 〈TDB 〉 = b1 + db2, a1, a2, b1, b2 ∈ Z[A∓].
From this we have:
(d2 − 1)a1 = d〈TNA 〉 − 〈TDA 〉, (d2 − 1)a2 = d〈TDA 〉 − 〈TNA 〉,
(d2 − 1)b1 = d〈TNB 〉 − 〈TDB 〉, and (d2 − 1)b2 = d〈TDB 〉 − 〈TNB 〉.
Finally we get:
Lemma 5.9 (i) TA ∗ TB = a1b1eh + (a1b2 + a2b1 + a2b2d)ev,
(ii) 〈(TA ∗ TB)D〉 = a1b1 + (a1b2 + a2b1 + a2b2d)d = (a1 + a2d)(b1 + b2d), and
(iii) 〈(TA ∗ TB)N 〉 = (a1b1 + a2b2)d+ a1b2 + a2b1 = a1(b1d+ b2) + a2(b1 + b2d) =
a1〈TNB 〉+ a2〈TDB 〉.
Formula (iii) leads immediately to the formula of Lemma 5.7(b).
Example 5.10 In the Kauffman bracket skein module of 2-tangles we get the following:
〈 〉 = (1−A−4)〈⌣⌢〉 +A2〈)(〉; that is [12 ] = (1−A−4)eh +A2ev
〈 〉 = (A−8 −A−4 + 2−A4)〈⌣⌢〉 +(A2 −A6)〈)(〉,
that is [25 ] = (A
−8 −A−4 + 2−A4)eh + (A2 −A6)ev
In particular, a1([
2
5 ]) = A
−8 −A−4 + 2−A4 =t=A−4 t2 − t+ 2− t−1
.
=
It
1− t2.
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Notice that (t2− 1)(t2+1) = (t+1)(t− 1)(t2+1) = (t+1)(t3− t2+ t− 1) .=It t4(1+ t);
in particular, 1 + t2
.
=
It
(1 − t)−1 the observation used to derive (ii) from (i) in Theorem
5.7.
Lemma 5.11 (i) 〈(TA ∗ ([25 ])N 〉
IA≡ a1A−6〈H〉 = a1(−A−2)(1 +A−8)
(ii) For k ≥ 1, 〈M[k[ 2
5
],m[ 1
2
]]〉
.
=
IA
(−A−2)(1 +A−8)(A−8 −A−4 + 2−A4)k−1(1−A−4)m,
(iii) 〈M[k[ 2
5
],m[ 1
2
]]〉t=A−4
.
=
It
− t 12 (1 + t2)(t2 − t+ 2− t−1)k−1(1− t)m .=It
(1 + t2)(1 − t2)k−1(1− t)m.
Proof: By Lemma 5.9(iii) 〈(TA ∗ ([25 ]))N 〉 = a1〈([25 ])N 〉+ a2〈([25 ])D〉
IA≡ a1〈([25 ])N 〉+ a2 · 0 = a1A−6〈H〉 = a1A−6(−A4 −A−4), and Lemma 5.11(i) follows.
We can write M[k[ 2
5
],m[ 1
2
]] as ((k − 1)[25 ] ∗ m[12 ] ∗ [25 ])N and use the previous formula for
TA = (k−1)[25 ]∗m[12 ], we have in this case a1 = (A−8−A−4+2−A4)k−1(1−A−4)m, and
Lemma 5.11(ii) follows. Lemma 5.11(iii) follows after substituting t = A−4 and a simple
calculation modulo It.

Example 5.12 VM
[ 25 ,
1
2 ,
2
5 ,
1
2 ]
(t) = VM
[2[ 25 ],2[
1
2 ]]
(t)
.
=
It
(1− t2)(1− t) = 1− t− t2 + t3.
We can use Theorem 5.7 to prove a part of Theorem 5.1(2). That is:
Corollary 5.13
(i) Montesinos links M[k[ 2
5
],m[ 1
2
]], k ≥ 1, m ≥ 0, are pairwise not 5-move equivalent.
(ii) M[ 2
5
] = H, M[ 2
5
, 1
2
] = [
9
4 ]
N 5∼ T1, M[2[ 2
5
]] = [
20
9 ]
N 5∼ T2.
(iii) M[k[ 2
5
],m[ 1
2
]], k ≥ 1, m+ k ≥ 3, is not 5-move equivalent to disjoint or connected sums
of T1, H or 41.
Proof: From Theorem 5.7 and Lemma 6.1 it follows that VM
[k[ 25 ],m[
1
2 ]]
(t)
.
=
It
VM
[k′[ 25 ],m′[
1
2 ]]
(t)
iff k = k′ and m = m′. In fact it follows from the proof of Lemma 6.1 that values of
V (M[k[ 2
5
],m[ 1
2
]]), k ≥ 1, are all different (and different from 0). To prove (iii), first notice that
if a link L has 41 as a connected or disjoint sum summand, then VL(t)
.
=
It
0. Furthermore, if
L is a finite disjoint or connected sum of T1 andH then < L >= (−A2−A−2)i(−A4−A−4)j
and VL(t)
.
=
It
(1 + t)i(1 + t2)j . Therefore VL(t)
.
=
It
VM
[k[ 25 ],m[
1
2 ]]
(t) only for k = 1,m = 0 or
k = m = 1, or k = 2,m = 0, as described in (ii) of Corollary 5.13. 
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5.2 Jones polynomial for pretzel links
We develop here formulas for Jones polynomial and Kauffman bracket sufficient to dis-
tinguish 5-move equivalence classes of pretzel links P[2,...,2,1,...,1] and to complete the clas-
sification of pretzel links up to 5-move equivalence. To be consistent with notation for
Montesinos links we will write M[m[ 1
2
],[s]] for the pretzel link with m two’s and s one’s. We
have shown in Theorem 5.1 that any pretzel link is 5-move equivalent to one of M[m[ 1
2
],[s]]
for −2 ≤ s ≤ 2, or to the connected sum of T2’s and H’s. We will show in this subsection
that for m ≥ 3 such links are not 5-move equivalent.
Example 5.14 (i) For m < 3, links M[m[ 1
2
],[s]] are rational links. Specifically, M[ 1
2
] =
M[[ 1
2
],[−1]] = T1, M[ 1
2
,1] = 3¯1
5∼ H 5∼ 31 =M[[ 1
2
],[−2]], M[[ 1
2
],[2]] = 41, and
M[2[ 1
2
]] = 4¯
2
1
5∼ T1 5∼ 421 =M[2[ 1
2
],[−2]], M[2[ 1
2
],[1]]
5∼ H 5∼M[2[ 1
2
],[2]], M[2[ 1
2
],[−1]] = T2.
(ii) We list here links M[m[ 1
2
],[s]] for m = 3, −2 ≤ s ≤ 2, with their 5-move invariants
sufficient to separate them among themselves and from rational links.
M[3[ 1
2
]] = 6
3
1, with V (6
3
1) ≈ 2.49721, V631(t, 5) = {2 + t
2, ...},
M[3[ 1
2
],[2]]
5∼ 6¯31, with V (6¯31) ≈ 2.49721, V6¯31(t, 5) = {1 + 2t2, ...},
M[3[ 1
2
],[1]] = 7
3
1
5∼ 7¯31, with V (731) ≈ 1.90211, V731(t, 5) = {1 + t, ...}, F731(1, 2cos2pi/5) =
−√5,
M[3[ 1
2
],[−1]] = 6
3
3, with V (6
3
3) ≈ 2.14896, V633(t, 5) = {1 + t− t3, ...},
M[3[ 1
2
],[−2]] = 6¯
3
3, with V (6¯
3
3) ≈ 2.14896, V633(t, 5) = {1 + t+ t
3, ...}.
(iii) For m = 4, the invariant VL(t, 5) separates links:
M[4[ 1
2
]] = 8
4
1, with V (8
4
1) ≈ 3.67044, V841(t, 5) = {1 + 2t+ 2t
3, ...},
M[4[ 1
2
],[1]] = 9
4
1
5∼ 8¯41, with V (8¯41) ≈ 3.67044, V8¯41(t, 5) = {2 + 2t
2 + t3, ...},
M[4[ 1
2
],[−1]] = 8
4
2, with V (8
4
2) ≈ 3.44298, V842(t, 5) = {3 + t
2, ...},
M[4[ 1
2
],[2]]
5∼ 8¯42, with V (8¯42) ≈ 3.44298, V8¯42(t, 5) = {1 + 3t
2, ...},
M[4[ 1
2
],[−2]] = 8
4
3, with V (8
4
3) ≈ 3.80423, V843(t, 5) = {2 + 2t, ...}.
Our main tool to separate links M[m[ 1
2
],[s]] is the Jones polynomial (or the Kauffman
bracket).
Proposition 5.15
(i) 〈M[m[ 1
2
]]〉 = (1−A−4)md+ (−A
4−A−4)m−(1−A−4)m
d
t=A−4
= −(1− t)m(t1/2 + t−1/2) + (−1)m−1(t+t−1)m+(1−t)m
t1/2+t−1/2 .
(ii) 〈M[m[ 1
2
],[s]]〉 = (−A3)s
( (−A4−A−4)m
d + (1−A−4)m
(−A−4)s(d− d−1)).
30
(iii) In other words
V˜M
(m[ 12 ],[s])
(t) = (−1)m−1 (t+ t
−1)m
t1/2 + t−1/2
− (1− t)m((−t)s t+ 1 + t−1
t1/2 + t−1/2
)
.
Proof: Let T be any 2-tangle, and let T (m) denote T ∗· · · ∗T . In the Kauffman bracket
skein module we write: 〈T 〉 = a1〈⌣⌢〉 +a2〈)(〉, and 〈T (m)〉 = a
(m)
1 〈⌣⌢〉 +a
(m)
2 〈)(〉. As
before, we have 〈TD〉 = a1 + a2d, 〈TN 〉 = a1d + a2, and 〈(T (m))N 〉 = a(m)1 d + a2(m),
〈(T (m))D〉 = 〈TD〉m = a(m)1 + da2(m). Then 〈T (m)〉 = (a1〈⌣⌢〉 + a2〈)(〉) ∗ (a1〈⌣⌢〉 +
a2〈)(〉) ∗ · · · ∗ (a1〈⌣⌢〉 + a2〈)(〉) = a(m)〈⌣⌢〉 + a
(m)
2 〈)(〉. First, we conclude that a(m)1 =
am1 , then da
(m)
2 = 〈(T (m))D〉 − am1 and from this 〈(T (m))N 〉 = am1 d + (〈TD〉m − am1 )d−1.
Specifically for T = [12 ] = , we have 〈T 〉 = (1 − A−4)〈⌣⌢〉 + A2〈)(〉 = a1〈⌣⌢ 〉 + a2〈)(〉,
〈TD〉 = 〈 〉 = −A4 − A−4, 〈(T (m))D〉 = (−A4 − A−4)m, am1 = (1 − A−4)m, and
a
(m)
2 =
(−A4−A−4)m−(1−A−4)m
d . From this follows that 〈(T (m))N 〉 = (1 − A−4)m(−A2 −
A−2) + (−A
4−A−4)m−(1−A−4)m
−A2−A−2 , establishing the first part of Proposition 5.15.
To prove Proposition 5.15(ii) we use the formula (iii) of Lemma 5.9 for the product of
2-tangles:
〈M[m[ 1
2
],[s]]〉 = am1 〈[s]N 〉 + a(m)2 〈[s]D〉, and the result of a simple calculation: 〈[s]D〉 =
(−A3)s and 〈[s]N 〉 = A−sd−Asd−1(A−2s − (−1)sA2s). Thus, 〈M[m[ 1
2
],[s]]〉 =
(1−A−4)m(A−sd−Asd−1(A−2s − (−1)sA2s)) + (−A3)s (−A4−A−4)m−(1−A−4)md =
(−A3)s( (−A4−A−4)md + (1−A−4)m((−A−4)sd− d−1)− (−A−2)s(A−2s−(−A2)sd )) =
(−A3)s( (−A4−A−4)md + (1−A−4)m(−A−4)s(d− d−1)).
Finally, notice that for m ≥ 1 one has sw(M[m[ 1
2
],[s]]) = s and therefore V˜M[m[ 12 ],[s]]
(t) =
(−A3)−s〈M[m[ 1
2
],[s]]〉, for t = A−4 giving the formula for V˜M[m[ 12 ],[s]](t) in Proposition 5.15.

Proposition 5.16 (i) Pretzel links M[m[ 1
2
],[s]], for m ≥ 3 are not 5-move equivalent to
rational links or their connected sums, and with the additional assumption that −2 ≤ s ≤ 2,
they are pairwise not 5-move equivalent.
(ii) If m,m′ ≥ 3, m 6= m′, then V (M[m[ 1
2
],[s]]) 6= V (M[m′[ 1
2
],[s′]]), for any s, s
′ ∈ Z.
Furthermore, V (M[m[ 1
2
],[s]]) ≥ V (T2) ≈ 1.90211, and the equality holds only for m =
3, s ≡ 1 mod 5;
(iii) V (M[m[ 1
2
],[s]]) = V (M[m[ 1
2
],[s′]]) if and only if s ≡ s′ mod 5 or m+ s+ s′ ≡ 0 mod 5.
(iv) VM
[m[ 12 ],[s]]
(t, 5) = VM
[m[ 12 ],[s
′]]
(t, 5) if and only if s ≡ s′ mod 5.
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Proof: The main tool in our proof is the formula (iii) of Proposition 5.15:
V˜M
[m[ 12 ],[s]]
(t) = (−1)m−1 (t+ t
−1)m
t1/2 + t−1/2
+ (1− t)m(−t)s(d− 1
d
).
For t = eπi/5 (and t1/2 = eπi/10), the first term is a real number equal approximately to
(−1)m−1 1.618m1.902 , independent on s and diverging to infinity. We can think of this term
as the leading term of the formula10. The second, “small”, term of the formula has the
absolute value approximately equal to 0.618m(1.902− 11.902) ≈ (1.376)(0.618m), converging
to zero.
This approximation, with a support of data in Example 5.14, suffices to justify (ii) of
Proposition 5.16.
A more careful look at the formula for V˜M
[m[ 12 ],[s]]
(t) allows us to conclude that the
leading term not only “fixes” m but also:
(1) If V˜M
[m[ 12 ],[s]]
(t)
.
=
It
V˜M
[m′[ 12 ],[s′]]
(t), m,m′ ≥ 3 then V˜M
[m[ 12 ],[s]]
(t)
It≡ V˜M
[m′[ 12 ],[s′]]
(t), and
(2) If V˜M
[m[ 12 ],[s]]
(t)
It≡ V˜M
[m′[ 12 ],[s′]]
(t), then m = m′ and s′ ≡ s mod 5.
(3) V (M[m[ 1
2
],[s]]) = V (M[m′[ 1
2
],[s′]]), if and only ifm = m
′ and s′ ≡ s mod 5 orm+s+s′ ≡ 0
mod 5.
To see (3) let us rewrite the formula in the form:
V˜M
[m[ 12 ],[s]]
(t) = (−1)m−1 (t+ t
−1)m
t1/2 + t−1/2
+ (−t)m2 +s(−t)1/2 + (−t−1/2)m(d− 1
d
).
Then it is clear that in order to have V (M[m[ 1
2
],[s]]) = V (M[m′[ 1
2
],[s′]]) we need V˜M[m′[ 12 ],[s′]]
(t)
to be equal to V˜M
[m[ 12 ],[s]]
(t) or its conjugate V˜M
[m[ 12 ],[s]]
(t−1) (all this for t1/2 = eπi/10). The
conjugate condition gives m+ s+ s′ ≡ 0 mod 5. Finally, as we already noted, the mirror
image of M[m[ 1
2
],[s]] = M[−m[ 1
2
],[−s]] = M[m[ 1
2
],[−s−m]]. Finally, the Jones polynomial of the
mirror image L¯ of L satisfies V˜L¯(t) = V˜L(t
−1).
This completes the proof of (3) and of Proposition 5.15(iii). 
We will end this section by completing the proof of Theorem 5.1(2).
Proposition 5.17 For m ≥ 3 a pretzel link M[m[ 1
2
],[s]] is not 5-move equivalent to a
Montesinos link M[k[ 2
5
],m[ 1
2
]], k ≥ 1 and to a connected sum of H’s, 41’s and T2.
Proof: If a link L contains 41 as a summand then V (L) = 0 and L cannot be 5-
move equivalent to M[m[ 1
2
],[s]]. If L is a connected sum of p copies of H and n copies of
10It is not that unexpected as t+ t−1 = 1+
√
5
2
≈ 1.61803 is the golden ratio.
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T2 then V˜L(t) = (−t − t−1)p(−t1/2 − t−1/2)n
.
=
It
(1 + t2)p(1 + t)n. Furthermore L can be
reduced by p (2, 2)-moves to the trivial link of k + 1 components, thus col5(L) = 5
k+1
(also FL(1, 2cos(2pi/5) = (−1)p(
√
5)k). On the other hand M[m[ 1
2
],[s]] can be reduced to
the (2,−2m+ s) torus link by m (2, 2)-moves, thus
col5(M[m[ 1
2
],[s]]) =
{
Z25 for −2m+ s ≡ 0 mod 5
Z5 for −2m+ s 6≡ 0 mod 5
Therefore, in the connected sum we can have only none or one copy of T2. Consider this
two cases independently:
(k = 0) Then we would have −2m+ s ≡ 0 mod 5 and for √t = eπ/10:
(t+ t−1)m
t1/2 + t−1/2
+ (−1)m−1((−t)1/2 + (−t−1/2))m(d− 1
d
) = (t+ t−1)p.
It would imply that m+ 1 ≤ p ≤ m+ 1, the contradiction.
(k=1) Then, as in the case of k = 0 we are forced have −2m + s ≡ 0 mod 5 and for√
t = eπ/10:
(t+ t−1)m
t1/2 + t−1/2
+ (−1)m−1((−t)1/2 + (−t−1/2))m(d− 1
d
) = (t+ t−1)p(t1/2 + t−1/2),
or equivalently
(t+ t−1)m + (−1)m−1((−t)1/2 + (−t−1/2))m(1− d2) = (t+ t−1)p(t+ t−1 + 1),
which is impossible.
To complete the proof of Proposition 5.16 we should distinguish a pretzel linkM[m[ 1
2
],[s]],
m ≥ 3 from a Montesinos link M[k[ 2
5
],n[ 1
2
]], k ≥ 1, k + n ≥ 3. The consideration is similar
to the previous one. First we use Fox 5-coloring to see that for Montesinos links it is 5k or
5k+1 while for a pretzel knot 5 or 52 thus k = 1 or 2 and n ≥ 1. Then we use our formulas
for the Jones polynomial and comparing their values for
√
t = eπ/10 we see that the right
side has a real representative (when considered up to ±ti/2, therefore the left side should
have a real representative, which forces us to have −2m+ s ≡ 0 mod 5. With this, we
would have the equality:
(t+ t−1)m
t1/2 + t−1/2
+ (−1)m−1((−t)1/2 + (−t−1/2))m(1− d2) = |(1− t)k+n−2(1 + t)k−1|.
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We quickly find it impossible for k = 1 or k = 2. Namely, for k ≤ 2 we have |(1 −
t)k+n−2(1 + t)k−1| ≤ |(1− t)(1 + t)| ≈ 1.175, which is smaller then the possible values for
the left hand sight (which, as we already computed is ≥ |1 + t| ≈ 1.902). The proof of
Proposition 5.16 is complete. 
6 Density of values of V (L) = |VL(epii/5)|
We recover here V. F. R. Jones observation ([Jon], Corollary 14.7) that the values of
V (L) = |VL(eπi/5)| are dense in [0,∞). Furthermore, Lemma 6.1 has played an important
role in our proof of Corollary 5.13.
Lemma 6.1 Let k1, k2, k1
′, k2
′ ≥ 0, then
(i) (1 + t)k1(1− t)k2 .=It 1 if and only if k1 = k2 = 0
(ii) (1 + t)k1(1− t)k2 .=It (1 + t)k1
′
(1− t)k2′ if and only if k1 = k1′ and k2 = k2′
Proof: First we note that (ii) follows from (i). Namely, without lost of generality we can
assume k1 ≥ k1′, if k2 < k2′ then from the fact that 1 + t and 1 − t are not zero divisors
in Z[t]/(1+t
5
1+t ), we have (1 + t)
k1−k1
′ .=
It
(1− t)k2−k2′ .
For t = eπi/5 we would have
1 ≤| 1 + eπi/5|k1−k1′ =| 1− eπi/5 |< 1 the contradiction.
In proving (i) first assume that k1 ≥ 1 and consider the equation in (i) modulo ideal
( t
5+1
t+1 , t+ 1) = (t+ 1, 5), then we have 0 ≡ ±ti mod (t+ 1, 5), the contradiction.
Therefore we have k1 = 0 and (1 − t)k2
.
=
It
1. Then | 1 − epii5 |k2 = 1 which holds only for
k2 = 0.
The proof of Lemma 6.1 is completed. 
Corollary 6.2 The values of | VK(epii5 ) | for K a connected sum of any number of copies
of knots 51 and 817 form a dense subset of (0,∞).
Proof: V51(t)
.
=
It
1 + t and V817(t)
.
=
It
1− t therefore by Lemma 6.2 the values
| Vk151#k2817(eπi/5) |=| 1 + eπi/5|k1 | 1− eπi/5|k2 are all different
and never equal to 1.
Because 1 < |1 + eπi/5| ≈ 1.90211 and 1 > |1 − eπi/5| ≈ 0.618034 therefore the values
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|1 + eπi/5|k1 |1− eπi/5|k2 taken over all positive k1 and k2 are dense in (0,∞).

Corollary 6.3 The values of | VM
[k[ 25 ],m[
1
2 ]]
(eπi/5) | for k,m > 0, form a dense subset of
(0,∞). It is the case because in the formula of Theorem 4.6, 1 < |1 + e2πi/5| ≈ 1.17557
and 1 > |1− eπi/5| ≈ 0.618034
We can interpret Corollary 6.3 as suggesting that classification of links up to 5-moves
is as difficult as classification of links in general. However, the goal of this paper was to
show that for some classes classification is to some degree possible. Motivated by the case
of (2, 2)-moves we had in mind the class of algebraic links. The classification of rational
and pretzel links and the partial classification of Montesinos links is the first step in this
direction.
7 Tables of links up to 9-crossings
In the following table we list all prime links up to 9 crossings and some of their 5-move
invariants. In our notation, r before the name of a link denotes rational link, p denotes
non-rational pretzel link and m denotes a Montesinos link which is neither rational nor
pretzel link. ∗ before the name of a link denotes a link which is not 5-move equivalent to
its mirror image. The letter a after the name of the knot denotes an amphicheiral knot.
Links in the same “box” are 5-move equivalent. If the representative of a box (in the first
column) is in the Bold face then the links in the box are not 5-move equivalent to links in
any other box.
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Rep. F VL,L(t, 5) L L V
T1 1 1 rT1,r61,r62,r72,r76 1
r77,r84,r812a,r813
r814,r91,r93,r94
r97,r98,r99, r915
r917,r918,r919, r920
r927,r4
2
1,r6
2
1, r7
2
1
r723,r8
2
2,r8
2
4,r8
2
5
r828,r9
2
4,r9
2
6,r9
2
7
r928,r9
2
10, r9
2
11, p9
2
19
m9220,p9
2
22, p9
2
51, p8
3
7
p935, m9
3
6
T2
√
5 1 + t r51
5∼ T2 1.90211
r74,r88,r923,r931
r826,r8
2
7,r9
2
9,r9
2
12
p9250, p8
3
1
41 −
√
5 0 r41a,r89a,r92,r912 0
r622, r9
2
1,r9
2
3
H −1 1 + t2 H , r31, r52, r63a 1.61803
r71,r73,r75, r81, r82
r83a, r86, r87,r811
r95,r96,r910,r911, r913
r914, r921,r926, r2
2
1
r521,r6
2
3,r7
2
2,r8
2
1,r8
2
3
r922,r9
2
5, p9
2
21, 9
2
37
p9249,p9
2
52, p8
3
2,p8
3
8
821 −
√
5 1 + t p821
(2,2)∼ T2 1.90211
p924, p937, p7
2
5, m9
2
15
p9227, 9
2
34, m9
2
48, p9
2
53
p731, m9
3
14
9
3
17 1 1 + 2t+ t
2 − t3 ∗p9317 ∗p933, ∗p842 3.44298
9
3
3 1 1− t− 2t2 − t3 ∗p933, ∗p842 ∗p9317 3.44298
8
2
14 1 2 + t
∗8214,
∗9233,
∗9310
∗9256,
∗9318 2.86986
9
2
56 1 1 + 2t
∗9256,
∗9318
∗8214,
∗9233,
∗9310 2.86986
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Rep. F VL,L(t, 5) L L V
949 −5 1 + t 949 (2,2)≁ T2 1.90211
818
√
5 2− t+ 2t2 818a
√
5
9
3
20 −1 1− 2t ∗9320 1.32813
9320 −1 1− 2t+ t2 ∗9320 1.32813
9
3
15
√
5 2 + 2t p9315, p8
4
3 3.80423
9
2
13 1 1 + t+ t
2 p9213,p9
2
14
p9243, p9
2
44, H#H 2.61803
9
3
12 1 3− t+ 2t2 ∗9312 3.1013
9312 1 2 + t− t2 − t3 ∗9312 3.1013
940 5 1− 2t+ 2t2 940 0.726543
9
2
31 −
√
5 1 + t+ t2 + t3 9231 3.07768
810 −1 1 + t+ t2 − t3 ∗p810, ∗p728, ∗p8211 ∗p815,∗p819, ∗p935 2.49721
∗m9245,
∗p9254,
∗p631
∗m948,∗p8212,
∗m9218
∗m9247,
∗p833,
∗835
∗m932,
∗m9313
815 −1 1− t− t2 − t3 ∗p815,∗p819, ∗p935 ∗p810, ∗p728, ∗p8211 2.49721
∗m948,∗p8212,
∗m9218
∗m9245,
∗p9254,
∗p631
∗m9247,
∗p833,
∗835
∗m932,
∗m9313
9
3
9 −1 1 + t+ t2 − 2t3 ∗939 2.76008
939 −1 2− t+ 3t2 − 2t3 ∗939 2.76008
9
3
21 −
√
5 2− 3t+ 2t2 − 3t3 ∗9321 2.93565
9321 −
√
5 3− 2t+ 3t2 − 2t3 ∗9321 2.93565
9
2
55 1 2− 2t− 2t3 9255, 632,836 3.23607
85 1 2− t+ 2t2 − t3 ∗p85, ∗m928, ∗p946 ∗p820, ∗p916, ∗p724 2.14896
∗p727,
∗m9217,
∗m9224
∗726,
∗m9216,
∗p9223
∗p9228,
∗9232,
∗9235
∗9229,
∗p633
∗9239,
∗m9246,
∗9259
∗839,
∗m931,
∗m937
820 1 1− 2t+ t2 − 2t3 ∗p820, ∗p916, ∗p724 ∗p85, ∗m928, ∗p946 2.14896
∗726,
∗m9216,
∗p9223
∗p727,
∗m9217,
∗m9224
∗9229,
∗p633
∗p9228,
∗9232,
∗9235
∗9239,
∗m9246,
∗9259
∗839,
∗m931,
∗m937
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Rep. F VL,L(t, 5) L L V
938 −1 2 ∗938, ∗9230, ∗938 2
947 −1 2 ∗947 2
938 −1 2 ∗938, ∗9230, ∗938 2
947 −1 2 ∗947 2
817 −1 1− t 817a, 9258, 834 0.618034
922 −1 1− t m922, m925,m930 0.618034
m936, m942, m943
m944, m945, m8
2
9
m8210,m8
2
15, m8
2
16
m9225, m9
2
26,9
2
36
9241 1 1 + t− t2 ∗9241 ∗9242 1.54336
9260 1 1 + t− t2 ∗9260, ∗9319 ∗929 1.54336
932 1 1 + t− t2 ∗932, ∗933 1.54336
941 1 1 + t− t2 ∗941 1.54336
929 1 1− t− t2 ∗929 ∗9260, ∗9319 1.54336
932 1 1− t− t2 ∗932, ∗933 1.54336
9241 1 1− t− t2 ∗9242 ∗9241 1.54336
941 1 1− t− t2 ∗941 1.54336
934 1 1− 2t+ t2 ∗934 0.381966
934 1 1− 2t+ t2 ∗934 0.381966
816
√
5 1− t+ 2t2 − t3 ∗816, ∗9257 ∗8310 1.17557
8310
√
5 1− t+ 2t2 − t3 ∗8310 ∗816, ∗9257 1.17557
8213
√
5 1− t+ 2t2 − t3 8213, 9238, 9311 1.17557
939 −
√
5 1− t+ 2t2 − t3 ∗939 1.17557
939 −
√
5 1− t+ 2t2 − t3 ∗939 1.17557
9240 5 1− t+ 2t2 − t3 ∗9240 ∗9261 1.17557
9261 5 1− t+ 2t2 − t3 ∗9261 ∗9240 1.17557
934 −1 2 + 2t2 + t3 m934, p941 3.67044
9316 −1 2 + 2t2 + t3 ∗m9316, ∗p841 3.67044
9316 −1 1 + 2t+ 2t3 ∗m9316, ∗p841 3.67044
934 −1 1 + 2t+ 2t3 ∗m934, ∗p941 3.67044
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